We study the transition pathways of a Lennard-Jones cluster of seven particles in three dimensions. Low lying saddle points of the LJ cluster, which can be reached directly from a minimum without passing through another minimum, are identified without any presumption of their characteristics, nor of the product states they lead to. The probabilities are computed for paths going from a given minimum to the surrounding saddle points. These probabilities are directly related to prefactors in the rate formula. This determination of the rate prefactors includes all anharmonicities, near or far from saddle points, which are pertinent in the very sophisticated energy landscape of LJ clusters and in many other complex systems.
I. INTRODUCTION
In the past two and a half decades, a vast amount of theoretical work has been devoted to the study of Lennard-Jones (LJ) clusters. For example, see Refs.
1-5 . Some investigations have been chiefly concerned with the difficult problem of optimizing geometries, locating important minima as well as saddle points. Other investigations have been aimed at determining the thermodynamic properties and understanding several related phenomena, namely, melting, isomerizations, solid-solid phase changes, and thermodynamic stability. The study of LJ clusters is important because the field of weakly bound complexes remains an important source of frontier explorations, both experimental and theoretical. The ultimate goal of all such investigations is a greater understanding of the details of the forces at play; these, in turn, are fundamental for a whole array of scientific and technological applications in material science, engineering, and molecular biology. From a theoretical point of view, weakly bound complexes provide a convenient, realistic model to study solvation effects and to study in detail all the phenomenology observed experimentally, as matter makes the transition from the gas phase to the condensed phase.
In this paper, we employ a recently derived formula 5 to study a LJ cluster of seven particles in three dimensions (LJ7). Starting from a minimum on the potential energy surface (PES), we sample all possible transition paths out of this given minimum through the saddle points in the phase-space sphere surrounding the minimum. For each of those transition paths that goes from the given minimum through a saddle point to another minimum, we compute its statistical weight factor including the Boltzmann exponential factor and the pre-exponential factor. In this, we determine the transition rate prefactors along with locating saddle points. It should be pointed out that, for this well studied system of LJ7, our research finds new low-lying saddle points and adds the determination of rate prefactors including anharmonicities both far from and close to the saddle points.
The rest of the paper is organized as follows: In Section II, we briefly present the theoretical formulation and the algorithm for sampling transition paths and evaluating the corresponding prefactors. In Section III, we discuss the numerical results for LJ7. In Section IV, we provide a summary.
II. FORMULATION AND ALGORITHM
We consider the rate of transitions out of a reactant state (a minimum on the PES) at temperatures for which thermal energy k B T = 1/β is much less than the activation energy barriers (energy differences between the saddle points and the minimum). The Arrhenius formula is applicable and it can be expressed as
where A is an "overall" prefactor and p i is the probability distribution of the pathway that goes through i-th saddle point (apart from the Boltzmann exponential factor):
E R is the energy at the minimum. E TSi is the energy at the i-th saddle point. When multiple saddle points with similar energy barriers surround a minimum of interest, it is through the prefactors that some reaction pathways are favored over others.
Within the harmonic approximation of the transition state theory (TST), the prefactors are determined as the ratios between the product of all the eigenmode frequencies at the minimum and that of all the real eigenmode frequencies at the saddle points. This approximation is adequate for systems with slowly varying PES's, to the extent that no anharmonicities are involved. Going beyond the harmonic approximation of TST, in Ref.
5 , the rate prefactor probabilities are determined as
Here, r(t) represents the set of position vectors for all particles of the system at time t. For LJ3, it is a collection of 21 coordinates at time t. The summation invloved in Eq. (3) is over all paths, r 0,i (t), that go from all initial states r 0 in the local equilibrium ensemble near the reactant state to the i-th saddle point r TSi . The normalization factor
involves summation over all paths to all saddle points.
Eq. (3) is valid wherever the overdamped Langevin equation is applicable. Its utility rests on the facts that it can be used with all algorithms for finding saddle points starting from a local minimum on the PES, and that the required computational effort for determining the prefactors is minimal. One has only to evaluate the following integral,
along each sampled path, r 0,i (t), which goes from r 0 at t = t 0 near the local minimum to the saddle point r TSi at t = t f . The prefactors for transitions from a given minimum on the PES to other minima on the PES through the saddle points surrounding that minimum are determined through Eq.(3) when paths are sampled from each of the initial states, r 0 , of a local equilibrium ensemble near that minimum.
Many studies have been focused on developing or refining methods for finding saddle points from a minimum without knowledge of the final states. 6 Here, pointing out that Eq. (3) works with any one-point boundary algorithm for reaching saddle points from a minimum, we pursue the "gentlest ascent" approach. 7 Starting from an initial state r(t 0 ) = r 0 near a minimum on the PES, the system state is advanced in time according to the following algorithm,
Its continuous form is the following differential equation,
Here, we have the usual force field −∇V and an "extra" force introduced as
The adjustable parameter α measures the strength of the "extra" force field. A path is generated as follows: Starting from r 0 , Eq. (6) is run until a saddle point is reached or a cut-off value of potential energy is exceeded. Each iteration in Eq.(6) involves two steps:
First is to climb up along the gradient of the potential, ∇V , from r l = r(t l−1 ) to r l * = r(t l−1 ) + ∇V (r(t l−1 )dt/γ. Second is to evaluate the force −∇V (r l * ) at r l * and project out its component that is parallel to the force −∇V (r(t l−1 )) at r(t l−1 ). Adjusting the strength of this projected force with α, the system state is advanced from r l * to r l = r l * +Fdt/γ.
The path so sampled, r(t l ) (l = 1, 2, . . . , N), can be readily used in the integration of Eq. (5) in the evaluation of prefactors using Eq.(3).
Obviously, this algorithm may or may not lead to a saddle point in a given trial. If we define the sampling efficiency as the ratio between the number of paths that actually go from the reactant state to one of the saddle points and the total number of paths sampled, the efficiency of this algorithm can be over 50% when α is adjusted to its optimal value in our studies of the LJ cluster as a 21-dimensional system. At the end of the path, the Langevin equation,
can be run for the system to relax down to a nearby local minimum. Naturally, some of the paths so generated will settle down to new stable/metastable (product) states and others return to the vicinity of the initial state. Note that ξ(t) = (ξ 1 (t), ξ 2 (t), · · · , ξ 21 (t)) in Eq. (9) is the Gaussian white noise random force in 21 dimensions, with mean value being zero and correlations being,
III. NUMERICAL RESULTS
Our system is a cluster of seven particles in three dimensions that interact with one another by the LJ pair potential,
where r is the distance between two particles and we take w 0 = 1. This pair potential has its minimum V min. = −1 at r = 1 and its well depth is 1. Rescaling the distance r to r/2 1/6 , Eq.(11) immediately takes the standard form in the literature.
2 Throughout this paper, we assume the damping constant γ = 1 and the inverse temperature β = 10.
LJ7 as defined here has one stable state (global minimum) M1 and three meta-stable states (local minima) M2, M3, and M4. They are tabulated in Table I . This system has been well studied in the literature. 2 The present study adds the determination of anharmonic prefactor probabilities for transitions through low-lying saddle points. These prefactor probabilities are computed beyond the local anharmonicity correction to the harmonic TST approximation. Fig. 1exhibits histograms of two typical paths sampled with the algorithm given in Eq.(6).
One path goes from M1 through TS1 to M2. The other goes from M1 through TS4 to M2.
States M1 and M2 are shown in Fig.2 . Fig. 3 illustrates low lying saddle points TS1 and TS4 that can be reached directly from M1 without going through other metastable states. Both saddle points involve concerted displacements of multiple particles out of the equilibrium positions they had in their stable state M1. These concerted displacements involve stretching fewer "bonds", thus corresponding to a lower energy barrier. This is a general feature of LJ clusters in three dimensions as well as in two dimensions.
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The saddle point energies and the prefactor probabilities are tabulated in Tables II through V. They are numbered in order from the lowest energy barrier to the highest.
As shown in Table II , the lowest energy saddle point, TS1, is dominantly favored. No other saddle points are either energetically favored (having low energy barriers) or entropically favored (having large prefactor probabilities). Transitions out of M1 basically follow one route: M1-TS1-M2 as TS1 only connects M1 and M2. Table III shows the energy barriers and prefactor probabilities for transitions out of M2. TS1 that leads to M1 is favored both energetically and entropically. The next most probable route is through TS2, which leads to M3. Table IV shows transitions out of M3. TS1, which leads to M1 and M2, has the lowest energy barrier but a very small prefactor probability. TS2, TS3, and TS4 have similar energy barriers and similar prefactor probabilities. Table V shows transitions out of M4. TS3, TS4, and TS5 have slightly higher barriers than TS2 but much greater prefactor probabilities and therefore they are more important than TS2 if the temperaure is not too low, k B T > 0.2. Comparing TS3 and TS4, their barriers are nearly identical. Their relative importance is completely determined by the prefactor probabilities. The same thing can be said about TS6 and TS7 as well as TS14 and TS15. All these clearly lead to the conclusions that the prefactor probabilities are important and that anharmonicities far from the saddle points need to be taken into account in the rate calculations.
IV. SUMMARY
In summary, we have applied the theory of Ref.
5 to the study of Lennard-Jones (LJ)
clusters. For an LJ cluster of seven particles in three dimensions, a system of 21 degrees of freedom, we have thoroughly examined transitions out of each of the four minima. All relevant (low lying) saddle points in the 21-dimensional PES of the LJ cluster, which can be reached directly from a minimum without passing through another minimum, are identified without any presumption of their characteristics, nor of the product states they lead to.
The probabilities, {p i }, are computed for paths going from an equilibrium ensemble of states near a given minimum to the surrounding saddle points. This determination of the rate prefactor probabilities includes all anharmonicities, close to or far from saddle points, which are pertinent in the very sophisticated energy landscape of LJ clusters and in many other complex systems.
It should be pointed out that the LJ cluster of seven particles has been well studied in the literature. This analysis provides the determination of prefactor probabilities for transitions through low-lying saddle points. These prefactor probabilities are computed beyond the local anharmonicity correction to the harmonic TST approximation. Finally, this study can be extended in a straightforward way to study much larger LJ clusters and other complex systems such as biomolecules. Table II.   TS1  TS2  TS3  TS4  TS5  TS6  TS7  TS8  TS9  TS10 TS11 E TSi -15. 445 -15.320 -15.283 -15.098 -15.029 -15.022 -14.876 -14.749 -14.723 -14.555 -14.348 Table II.   TS1  TS2  TS3  TS4  TS5  TS6  TS7  TS8  TS9  TS10 TS11 TS12 E TSi -15. 029 -14.749 -14.568 -14.555 -14.447 -14.393 -14.307 -14.280 -14.271 -14.051 -14.021 -14 .004 Table II.   TS1  TS2  TS3  TS4  TS5  TS6  TS7  TS8  TS9 E TSi -15. 283 -15.022 -14.816 -14.811 -14.723 -14.555 -14.549 -14.447 -14 TS10 TS11 TS12 TS13 TS14 TS15 TS16 TS17 TS18 E TSi -14. 380 -14.354 -14.348 -14.307 -14.285 -14.266 -14.198 -14.021 -14.004 p i 0.0097 0.0091 0.00064 0.00097 0.0018 0.0395 0.00091 0.010 0.00011
